It is necessary to develop dynamic reliability models when considering strength degradation of mechanical components. Instant probability density function (IPDF) of stress and process probability density function (PPDF) of stress, which are obtained via different statistical methods, are defined, respectively. In practical engineering, the probability density function (PDF) for the usage of mechanical components is mostly PPDF, such as the PDF acquired via the rain flow counting method. For the convenience of application, IPDF is always approximated by PPDF when using the existing dynamic reliability models. However, it may cause errors in the reliability calculation due to the approximation of IPDF by PPDF. Therefore, dynamic reliability models directly based on PPDF of stress are developed in this paper. Furthermore, the proposed models can be used for reliability assessment in the case of small amount of stress process samples by employing the fuzzy set theory. In addition, the mechanical components in solar array of satellites are chosen as representative examples to illustrate the proposed models. The results show that errors are caused because of the approximation of IPDF by PPDF and the proposed models are accurate in the reliability computation.
Introduction
With the high requirements for safe operation of mechanical products, reliability assessment of mechanical components has received more and more attention and great efforts have been made for developing reliability models [1] [2] [3] [4] [5] [6] . As a matter of fact, the stress-strength interference (SSI) model is the most important approach in the reliability assessment of mechanical components [7] [8] [9] [10] [11] [12] . However, the SSI model is essentially a static reliability model without the factor of time taken into account, which is only suitable to calculate the reliability at a fixed time instant.
Conventional dynamic reliability models are developed under the assumption that the probability density function (PDF) of stress (the PDF of stress is derived from the PDF of load via the geometrical parameters of components) at each time instant or each load application is known. However, it requires a large amount of samples to acquire the PDF of stress at each moment, which is unaffordable and impractical in practical engineering. An alternative approximate method for the PDF statistics of mechanical components, such as the well-known rain flow counting (RFC) method, is to record a stress history and then approximate PDF of stress at each time instant by the PDF obtained from the recorded stress process sample. For descriptive convenience, we define the PDF of stress at each moment (or at each application of random load) as the instant PDF (IPDF) and the PDF of stress obtained directly from a stress history sample as the process PDF (PPDF). From the definition, it can be learned that the PDF obtained by using the RFC method is essentially a PPDF.
As a matter of fact, it may cause errors in the reliability calculation to approximate IPDF by PPDF. This is because the information embedded in the stress history, which reflects the relationship between application times of different stress with different magnitude within a specified period of time, is lost in the approximation process. The reason and the influences of the errors caused by the approximation will be illustrated in detail later. In this paper, we will develop dynamic reliability models of mechanical components directly based on the PPDF of stress, which are more straightforward and meaningful in practical engineering. Moreover, the proposed reliability models can be used in the case where the amount of stress process samples is small.
In addition, due to the randomness of stress at each time instant, which is characterized by IPDF, the PPDF from a stress process sample may vary from the PPDF from another sample. To deal with the variation in the statistical parameters of PPDF from different samples, a large amount of stress process samples are needed. However, because of the limitation in the economics and time, the collected data could be imprecise. In this case, it is inaccurate to model the uncertainty of the statistical parameters of PPDF via probability theory. The proposed fuzzy dynamic reliability models consider both the impreciseness caused by incomplete or nonobtainable information and the uncertainty in the statistical parameters of PPDF by employing the fuzzy set theory.
Dynamic Reliability Models of Mechanical
Components Based on PPDF of Stress
Reliability Models of Mechanical Components with respect to Load Application Times.
When the stress process is complex, IPDF is irrelative with PPDF and it is incorrect to approximate IPDF by PPDF. Only in the case of ergodic stationary stress process, in which IPDF is constant, some relationship between IPDF and PPDF can be found. Therefore, in the following section, we will mathematically derive the relationship between IPDF and PPDF on the assumption of constant IPDF. Suppose that the total number of load application times is . Denote the PPDF of stress by 1 (•). Then, the number of the application times of load, which yields the stress , can be expressed as follows:
Denote the IPDF of stress by 2 (•) and the probability that stress appears at each application of load by 1 . Then the relationship between 2 (•) and 1 can be written as follows:
where
In the case where and 1 are deterministic, we can obtain the maximum value of 2 by solving the equation as follows
Substituting (3) into (5) yields
Equation (6) can be simplified as follows:
Solving (7) yields
From (8), it can be seen that
Therefore, it can be learned that the IPDF is identical with the PPDF with the maximum probability. Nevertheless, it should be noted that probability is less than one. For example, suppose that = 2 and 1 = 1. From (8) , it can be obtained that 1 = 0.5. Substituting 1 into the right-hand side of (3) yields that 2 is equal to 0.5 rather than one. Therefore, in some cases, the approximation may cause errors in the reliability calculation, especially when developing dynamic reliability models where load application times or time is taken into account. To address this problem, reliability models with respect to load application times are proposed in this section, which are derived directly according to the statistical meaning of PPDF of stress. It should be noted that the dynamic reliability models based on PPDF are not limited by the format of PPDF distribution. When the PPDF ( ) is obtained, the variation in the reliability of mechanical components can be evaluated by using the proposed reliability models.
As analyzed above, the PPDF of stress reflects the relationship between application times of different stress with different magnitude within a specified period of time.
Provided that the total number of load application times is , according to the statistical meaning of (•), the application times of load, which yields stress , can be expressed as follows:
Therefore, the reliability under the application of the random load for times can be calculated as follows:
According to the Miner damage accumulation rule, strength degrades under multiple applications of random load, which should be modeled as the function of both the load application times and the magnitude of stress. The remaining strength at the th application of load can be expressed as [13] 
where 0 and are material parameters. ( ) is cumulative damage that is determined by the application times and magnitude of stress. According to the -curve formula, it can be obtained that
where and are material parameters and represents the lifetime of components under stress . According to the damage equivalence rule, Miner damage accumulation rule, and the statistical meaning of PPDF, the remaining strength can be given by [14] 
When considering the randomness of the material parameter and the initial strength 0 , the reliability after the load application for times can be given by
where 0 ( 0 ) and ( ) are the PDF of the initial strength 0 and the material parameter , respectively. According to the definition of failure rate, the failure rate with respect to load application times can be written as
Due to the limitation in the economics and time, the collected data could be imprecise. In this case, it is inaccurate to model the uncertainty of the statistical parameters of PPDF via probabilistic methods. The fuzzy reliability models provide a mathematical tool to deal with the impreciseness caused by incomplete or nonobtainable information. Therefore, fuzzy dynamic reliability models are proposed in this paper.
To make the best of the stress history samples for dynamic reliability analysis, stress is modeled as a variable characterized by its PPDF with fuzzy distribution parameters to deal with the variation or imprecision of stress distribution from different stress history samples due to insufficient experimental data. Denote the PDF of fuzzy distribution parameters K at the level of by (K) and the PPDF of stress with the distribution parameters K by ( , K). Then, according to the Bayes law for continuous variables, the reliability of components at the level of can be given by
(17)
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The failure rate with respect to load application times at the level of can be written as
Therefore, according to the decomposition theorem of fuzzy set, the reliability of components can be expressed as follows:
Correspondingly, the failure rate with respect to load application times can be written as
Dynamic Reliability Models of Mechanical
Components with respect to Time. As a matter of fact, the Poisson process has been proved to be an effective stochastic process to mathematically describe the load process, in which load application times or arrival time of load is a random variable. Denote the intensity of the Poisson process by ( ). According to the properties of the Poisson process, the stochastic differential equation can be obtained as follows:
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Simplify (22) yields
Let Δ → 0. The above equation becomes 
From (25), the failure rate can be derived as follows:
Analogical to the derivation process of (19), when considering the variation of the distribution parameters in the PPDF obtained from different stress history samples, the reliability of components at the level of can be given by
(27)
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The failure rate at the level of can be expressed as follows:
The reliability of mechanical components can be further derived as follows:
Correspondingly, the failure rate can be given by 
Numerical Examples
In numerical examples, we aim to validate the proposed dynamic reliability models, illustrate the errors caused by approximating IPDF by PPDF, and examine the influences of the statistical properties of material parameters on reliability. From the numerical examples, key factors that have great impacts on reliability could be identified and the large errors by the approximation of IPDF by PPDF will be represented.
The hold-down mechanism is an important mechanism in the solar array in the launch of satellites. The typical structure of hold-down mechanism is shown in Figure 1 [15] . In the hold-down mechanism, the maximum stress is applied to the hold-down bar. In this section, we will be focused on the reliability analysis of hold-down bar.
Case 1. Consider a hold-down bar operating under the application of random load. The stress and the strength follow the -normal distribution with the distribution parameters listed in Table 1 . In Table 1 , (•) and (•) represent the mean value and standard deviation of a variable, respectively. ( 1 ) and ( 1 ) are the distribution parameters in the IPDF of stress, while ( 2 ) and ( 2 ) are the distribution parameters in the PPDF of stress. The flow of the Monte Carlo simulation is shown in Figure 2 . The reliability calculated by using IPDF of stress, the reliability calculated by using PPDF of stress, and the results from the Monte Carlo simulation are shown in Figure 3 .
From Figure 3 , it can be seen that the reliability calculated by using the method proposed in this paper shows good agreement with the results obtained from Monte Carlo simulations. In addition, the approximation of the IPDF of stress by the PPDF of stress may lead to errors in the reliability assessment.
Case 2. The distribution parameters of the material parameters are listed in Table 2 . The reliability and failure rate are shown in Figures 4 and 5, respectively. Case 3. The distribution parameters of the material parameters are listed in Table 3 . The reliability and failure rate are shown in Figures 6 and 7 , respectively.
From Figures 4 to 7 , it can be seen that the mean value of the material parameter has great influences on the reliability and failure rate of mechanical components. The reliability increases and the failure rate decreases rapidly with the increase in the mean value of the material parameter . In addition, reliability decreases and failure rate increases with the increase in the dispersion of the material parameter . Nevertheless, it should be noted that the reliability and failure rate are not sensitive to the dispersion of the material parameter , even in the case of the existence of a large value of the standard deviation of the material parameter . Meanwhile, the dispersion of initial strength has significant influences on the reliability and failure rate of mechanical components. Therefore, the dispersion of the material parameter can be neglected in the case where only an approximated reliability is required. Table 4 . The reliability and failure rate are shown in Figures 8 and 9 , respectively.
From Figures 8 and 9 , it can be learned that reliability decreases and hazard rate increases with time. In the existing pieces literature, the dynamic reliability models for mechanical components are established on the assumption that the IPDF at each moment is known. In these models, the statistical parameters of stress and strength at each moment or each load application are given by assuming different format of stochastic process. However, in some cases, only a small amount of stress process samples can be obtained, which limits the usage of the reliability models based on IPDF to some extent. The proposed method based on PPDF provides an alternative choice for reliability assessment. The comparison between the results from the proposed reliability models based on the PPDF and the results based on the IPDF points out the error to approximate IPDF by PPDF.
Conclusion
It is imperative to develop dynamic reliability models, because strength degradation of mechanical components always occurs in the failure mode such as corrosion, wear, and erosion creep. In practice, the PDF for mechanical components is mostly PPDF. For the convenience of using the existing dynamic reliability models, IPDF is always approximated by PPDF, which could cause large errors in the reliability calculation. The reliability models in this paper are established directly based on PPDF, which is more accurate than the result by using approximate method. Besides, due to the employment of fuzzy set theory, the proposed models can be used in the reliability estimation in the case of small amount of stress process samples. In addition, the proposed models can be used to analyze the influences of the variation in the statistical parameters of material parameters on the reliability and failure rate of mechanical components. The results show that the dispersion of material parameter has little impact on reliability and failure rate of mechanical components.
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